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Generalized eigenvalue
problems for 3D
photonic crystal



VxVXE([)=we()E()
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Central edge points

VxH@)=w’e(r)E(r) = Ch=w’Be
Central face points

VXEr)=H() = Ce=h

where
0 -c, C, |
C: C3 O _Cl ECSnXSn
-C, C, 0

¢=1,0®KeC"C,=I0K,eC™,C;=K,eC™
Resulting generalized eigenvalue problem
(C'C-@’B)x=(A-A1B)x=0
with diagonal B
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Finite Diff. Assoc. with Quasi-Periodic Cond.
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Finite Diff. Assoc. with Quasi-Periodic Cond. %
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Finite Diff. Assoc. with Quasi-Periodic Cond. %i%
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- Power method

Let (1.x,) fori=1,...,n be the eigenpairs of A where
X,,...,x IS linearly independent

For any nonzero vector u
U=0X ++ax

Since A'x.=A'x,, we have

ll’

Afu = Oclkx+ +a Arx

n n I’l

If |A]>|A] fori1>1and «, #0, then

%Aku 0(x+(i)0(x2+ +a(i)x — 0, x, aS kK —> oo
1 1

Given shift value
{(A—GI)‘l}ku = ocl{(ﬂu1 —Cf)_l}k X, +---+0¢n{(/1n —G)_l}k X,



- Solving (A-4AB)x=0

Use shift-and-invert Lanczos method

In each iteration of shift-and-invert Lanczos
method, we need to solve

(A—oB)y=5>b
How to efficiently solve this linear system?

10



Solving linear system
(A—oB)y=>



- Solve (A-oB)y=b

Direct method (Gaussian elimination)
y=(A—0oB)\b
lterative method

® Matrix vector multiplication with A—o B

® Preconditioner M

sol = bicgstabl(coef mtx, rhs, tol, maxit,
@(X)SSOR_prec(x, diag_coef mtx, lower L));
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- Solve (A-oB)y=b

Direct method (Gaussian elimination)
y=(A—0oB)\b
lterative method

® Matrix vector multiplication with A—o B

® Preconditioner M

sol = bicgstabl(coef mtx, rhs, tol, maxit,
@(X)SSOR_prec(x, diag_coef mtx, lower L));
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Eigen-decomp. of C4, C,, C; for SC lattice ‘bz%a

® Define
D,, = d1ag(1 e’ e ) A = dlag( e — 1 e
] 1 1|
Um = ee.m’l ee.m,z 1 € mem ea,m lzﬂk 2 9””’ = 127[1
. m m
_ PRGN G L S | |

® Define unitary matrix T as

re—pe (p,, ®D,,®D,,)U,®U, ®U,)

\/; a; i,
Then it holds that

CT=6]T(1,®I, ®A, ,)=TA,.
C,T=68'T(I, ®A,,, ®I,)=TA,,

a,.1n

C.T=6.T(A,, ®I, ®I,)=TA, 13

as,n;



® Define .-
W, =" ﬂn = szdiag(l,e"”‘,-- e' 1)"’)
1
127 a l (1)
Yy :n_2{k (az—j)—a} D, =d1ag(1 e’ v )
121 a t+a i+ ] (1)
v f:n_3{k (a3 E 2)_ 3} Dy, = diag(L.e" ")
X, =DU, (1,1), y,;= Dy,l.Unz(:,j)

® Define unitary matrix T as

T:%[ T’I T2 Tn1 :|€Cnxn, Tz:|: ]11_,1 fTi,Z T'i,nz :|€C”X(n2”3),
Ti,j:(Dz,iﬂ' n3)®(yi,j®xi)
Then it holds that
CT=T(A, ®I,, )=TA,

CT=T((®nA,,)®1,)=TA,,

CT=T(® &% A,,, )=TA, 14



® Define .-
y, = D, = diag(1,e"" ---,e" ")
n
127 a, | | v
l//y :n_2{k (az—?)—z} Dy =d1ag(le
o) 2
X, = DxUnl(:’i)’ Yij = Dy,iUnz(:aj)
® Define unitary matrix T as
1 nxn
T:ﬁ I 1, - Tnl eC™, T=| T, T,
Ti,j:(Dz,i+j n3)®(yi,j®xi)
Then it holds that
CT=T(A,®I,, )=TA,

CT=T((®nA,,)®1,)=TA,,

CT=T(® &% A,,, )=TA,

Demo performance
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- CPU Times for T*p and Tq with FCC

MATLAB

T*p : fft

CPU times (sec.)




Solving preconditioning linear system

7

Yy

(C’C-1hy=d
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Solving preconditioning linear system @

(C’C-1hy=d

G=[C/.C;.C; 1 C'C=1,8(G'G)-GG’

0 -c, c, |

-c, C, 0
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Solving preconditioning linear system @

(C’C-1hy=d

G=[c/,c],clT ‘ C'C=1,®(G'G)-GG’

1;®(G'G)-1l}y=d+GG'y

0 -c, c, |

-c, C, 0
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Solving preconditioning linear system

7

Yay

(C’C-1hy=d

G=[C/.C,.C5 1 ‘ C'C=1,8(G'G)-GG’

1;®(G'G)-1l}y=d+GG'y

0 -c, c, |

1 CG=0 GG'y=-1"GG'd

-c, C, 0
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Solving preconditioning linear system

7

Yy

(C’C-1hy=d

G=[C/.C,.C5 1 ‘ C'C=1,8(G'G)-GG’

11;®(G'G)-1l}y=d+GG'y

0 -c, c, |

i CG=0 * GG'y=-1"'GG'd

-c, C, 0

1,®(G'G)-tlly=d-17"'GGd
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Solving preconditioning linear system

7

Yay

(C’C-1hy=d

G=[C/.C,.C5 1 ‘ C'C=1,8(G'G)-GG’

11;®(G'G)-1l}y=d+GG'y

0 ¢, ¢,
c=| ¢, 0 -C _ « — x
o o] CG=0 * GG'y=-1"GG'd
1,®(G'G)-tlly=d-17"'GGd
A, =AA + A, + ASA, CT=TA,, C,T=TA, CJI=TA,
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Solving preconditioning linear system

(C’C-1hy=d

G=[C/.C,.C5 1 ‘ C'C=1,8(G'G)-GG’

11;®(G'G)-1l}y=d+GG'y

0 -c, c, |
c, 0 -C
c, ¢ 0

CG=0 * GG'y=-1"'GG'd

{_13 ®(G'G)- u_} y=d-7'GG"d

A, = AA +AA, + ASA,

CT=TA,, C,T=TA, CT=TA,

ILOA —tl)y=|I-1"
(1.®A, =)

( i ] A

[\.)> ~>

[Aj AL A } (L,®T)d, y=(I,®T)y

>

\ e y,
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Solving preconditioning linear system

(C'C-1hy=d

G=[C/.C;.C; T ‘ C'C=1,8(G'G)-GG’

11;®(G'G)-1l}y=d+GG'y

0 -C, C,
1 B CG=0 GG'y=-1"GG'd

-Cc, ¢, 0

{_13 ®(G'G)- u_} y=d-7'GG"d

A, = AA +ASA, + ASA, CT=TA,, C,T=TA,, CT=TA,
( A \
(I,®A,—tI)y=|I-7"| A, [Aj A, A } (L,®T)d, y=(I,®T)y
A

\ Ml 2 y, 16




Preconditioner M =C°'C-1I

® lterative solver with preconditioner M:
sol = bicgstabl(coef mtx, rhs, tol, maxit, @(vec)FFT based precond(vec,

Lambda, tau, EigDecompDoubCurl_cell, fun_mtx TH prod vec,
fun_mtx_ T prod vec));

17



Preconditioner M =C'C-1lI

® |terative solver with preconditioner M:

sol = bicgstabl(coef mtx, rhs, tol, maxit, @(vec)FFT based precond(vec,
Lambda, tau, EigDecompDoubCurl_cell, fun_mtx TH prod vec,
fun_mtx_ T prod vec));

® Since
M7 (A-ocB) =M "(A-tl+tl-0B)=1+M "' (t] —0B)
we have
{I+M™"'(tI-0B)}y=M"'b

® No need to compute the matrix-vector multiplication involving A:
sol = bicgstabl(@(vec)mtx_prod vec shift invert LS(vec, tau, Lambda new,

EigDecompDoubCurl_cell, mtx_B_sigma, fun_mtx_TH prod vec,
fun_mtx_ T prod vec), rhs, tol, maxit);
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- Challenge in Solving Linear System :

® SC lattice (dim = 46875)

Index j Jacobi SSOR(0.8) ICC(1) ILU(1) | FFT
1 852 493 206 273 | 27
2 853 492 206 273 | 27
3 1008 462 287 284 | 28
® FCC lattice

2000

O Direct method
MINRES+SSOR

18001 e BICGSTAB+FFT

1600 |-

1400

-

N

o

o
1

" (A-oB)z=b|

CPU times (sec.)
o
3

(0]
o
o
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Null-space free
eigenvalue problem



- Huge zero eigenvalues

Eigen-decomposition gAg=A

[0, 0 4] o @ |=diag(0.A,.A,)=diag(0.A)
where
|: o, 0 :|3:(I3®T)|: I, II, :|E(I3®T)

HO,I Hl,l 1_[1,2

—
—
—

0,2

H0,3 HI,S l_[1,6

1,3 1.4

IS unitary and A =AJA + AJA, +AGA,

20



~ Huge zero eigenvalues

. .. Q'AQ = A
® Eigen-decomposition

[0, 0 4] o @ |=diag(0.A,.A,)=diag(0.A)

Where _ HO,I Hl,l HI,Z _
0, 0 |=(rer) n, n, |s(Ler) n, m, m,
H0,3 HI,S l—[1,6

IS unitary and A, = AJA, + AJA, + AJA,
Ax = A Bx

n zero
eigenvalues

k wanted interior
eigenvalues

20



~ Huge zero eigenvalues

® Eigen-decomposition

[0, 0 4] o @ |=diag(0.A,.A,)=diag(0.A)
where — .

HO,I Hl,l HI,Z
0, 0 |=(rer) n, n, |s(Ler) n, m, m,
H0,3 HI,S H1,6

IS unitary and A, = AJA, + AJA, + AJA,

Ax = A Bx

% 15 - . ‘
TR H ner i
2ol LN H o i
s |4 R
Tosf g ; é: .
o ! i |
§ o - 1 : 3 k wanted interi
o 0 50 100 150 200 250 30§ . I’ 2ero W?n il nueidienr
lteration eigenvalues eigenvalues
10° :
5 N e ] 0 0 T T i Ritz values are
g 10° A dragged toward zero
Tom) T, during the iteration
107 50 5I0 1 (I)O 1 EI'JO 2(I)0 250 300

lteration



" Null-space free method &%
Theorem O°AQ = A

span(B‘lQA”z) =span{x | Ax=ABx,A#0}

and

{A#0lAx = ABx | = {MAI/ZQ*B_lQAmu = /lu}

21



" Null-space free method
Theorem QEQ:‘A

span(B‘lQA”z) =span{x | Ax=ABx,A#0}

and

{A#01Ax=ABx}={AIA""Q"B"' QA" u = Ju}
Null-space free SEP

Ax=ABx = | Ku=(A"QB'QA" Ju=Au

Dim. of GEP and SEP are 3n and 2n, respectively

GEP and SEP have same 2n nonzero eigenvalues.
SEP has no zero eigenvalues

21



" Null-space free method

® Theorem

span(B‘lQA”z) =span{x | Ax=ABx,A#0}

and
{A#0lAx = ABx | = {MAI/zQ*B_lQAmu = /lu}
® Null-space free SEP
Ax=ABx = | Ku=(A"QB'QA" Ju=Au

® Dim. of GEP and SEP are 3n and 2n, respectively

® GEP and SEP have same 2n nonzero eigenvalues.
SEP has no zero eigenvalues

Ku=Au

k wanted interior
eigenvalues 21




- Solving A”0'B'0A"u=Au

Invert Lanczos method

In each step, we need to solve a linear system
AI/ZQ*B—IQA1/2V — b

22



- Solving A”0'B'0A"u=Au

Invert Lanczos method

In each step, we need to solve a linear system
AI/ZQ*B—IQA1/2V — b
Solve LS by CG method
sol = pcg(@(vec)NFSEP_mtx_prod_vec Lambda(vec,

EigDecompDoubCurl_cell, diag B _eps, @(x)mtx_TH prod vec SC(x,
FFT parameter), @(x)mtx_T prod _vec SC(x, FFT_ parameter)), rhs, tol, maxit);

22



- Solving A”0'B'0A"u=Au

Invert Lanczos method

In each step, we need to solve a linear system
12 A% p-1 2.
A"Q'BTQA"v =b S —
Solve LS by CG method
sol = pcg(@(vec)NFSEP_mtx_prod_vec Lambda(vec,
EigDecompDoubCurl_cell, diag B _eps, @(x)mtx_TH prod vec SC(x,
FFT parameter), @(x)mtx_T prod _vec SC(x, FFT_ parameter)), rhs, tol, maxit);
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- Solving A”0'B'0A"u=Au

Invert Lanczos method

In each step, we need to solve a linear system

AI/ZQ*B—IQA1/2V — b
Solve LS by CG method

sol = pcg(@(vec)NFSEP_mtx_prod vec Lambda(vec,
EigDecompDoubCurl_cell, diag B _eps, @(x)mtx_TH prod vec SC(x,
FFT parameter), @(x)mtx_T prod _vec SC(x, FFT_ parameter)), rhs, tol, maxit);

Rewrite linear system as
O'B'Ov=A"b, v=A"v
Well condition number
K(Q'B"Q)<Kk(B™)
Solve it by CG method

22



- CPU Time Comparison

Ax = ;L Bx D= A2 Q* B! 0 A”u = lu
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@ :
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Shift-Invert Residual
Arnoldi method




Shift-Invert Residual Arnoldi method (SIRA)

For a given search subspace V, let (9,2) be an eigenpair

of . .
V' (A?Q'B'OAN"> = ADVz =0
and let x=Vz be the associated Ritz vector

The new search direction v Is chosen as

-1

. (Al/zQ*B—lQAl/Z —O'I)_l I:(AuzQ*B—lQAl/z - 91)}’2] - (AI/ZQ*B—IQAl/z —O'I) »
where o is a given shift value

After re-orthogonalizing v against V, the vector is 3
appended to V and one repeats this process until (6,x)
converges to the desired eigenpair.

25



- CPU Time Comparison
A1/2Q*B—1QA1/2u: /lll

! ! +F ' '
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